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Abstract
We compute the next-to-next-to-leading order spin-orbit contributions in the total energy flux
emitted in gravitational waves by compact binary systems. Such contributions correspond to the
post-Newtonian order 3.5PN for maximally spinning compact objects. Continuing our recent work
on the next-to-next-to-leading spin-orbit terms at 3.5PN order in the equations of motion, we
obtain the spin-orbit terms in the multipole moments of the compact binary system up to the
same order within the multipolar post-Newtonian wave generation formalism. Our calculation of
the multipole moments is valid for general orbits and in an arbitrary frame; the moments are then
reduced to the center-of-mass frame and the resulting energy flux is specialized to quasi-circular
orbits. The test-mass limit of our final result for the flux agrees with the already known Kerr black
hole perturbation limit. Furthermore the various multipole moments of the compact binary reduce
in the one-body case to those of a single boosted Kerr black hole. We briefly discuss the implications
of our result for the gravitational-wave flux in terms of the binary’s phase evolution, and address
its importance for the future detection and parameter estimation of signals in gravitational wave
detectors.
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I. INTRODUCTION
Previous works [1, 2]1 have derived the spin-orbit effects in the equations of motion of
compact binary systems (made of two black holes or neutron stars) at the next-to-next-to-
leading order beyond the dominant level. Such an order corresponds to the post-Newtonian
(PN) order 3.5PN ∼ 1/c7 in the case of maximally spinning compact objects, i.e. 2PN
beyond the leading spin-orbit effect at order 1.5PN ∼ 1/c3. The present paper will continue
Papers I & II by investigating the gravitational radiation field of compact binaries, notably
the total gravitational wave energy flux and orbital phase evolution, up to the same next-
to-next-to-leading 3.5PN level.
Including spin effects, and most importantly spin-orbit effects which are linear in spins,
in the templates of gravitational waves emitted by compact binaries is of crucial importance
for the accurate data analysis of the advanced ground-based as well as future space-based
gravitational wave detectors. Astrophysical stellar-size black holes [3–7] as well as super-
massive black holes [8–10] have spins, and the spins will affect the gravitational waves of
black hole binaries through a modulation of their amplitude, phase and frequency (including
the precession of the orbital plane in the case of non-aligned spins, see e.g. Refs. [11–13]).
The leading spin-orbit and spin-spin contributions in the equations of motion have been
obtained using various methods [14–19]; the next-to-leading corrections are also known both
for the spin-orbit [20–24] and spin-spin terms [25–29]; next-to-next-to-leading spin-orbit
corrections have been derived in Refs. [30, 31] and in Papers I & II. Concerning the radiation
field of compact binaries, the leading spin-orbit and spin-spin terms are known [16, 17]; the
next-to-leading spin-orbit terms at order 2.5PN ∼ 1/c5 were first obtained in Ref. [21] after a
previous attempt in [32]; the 3PN ∼ 1/c6 spin-orbit contribution including the tail integrals
were computed in [33], after intermediate results at the same order (but including spin-
spin terms) were given in [34]; finally, the next-to-next-to-leading order contributions in the
multipole moments and the energy flux, corresponding to 3.5PN ∼ 1/c7, is the topic of the
present paper and has never been addressed before.
Following the previous investigations [21, 33] we shall apply the so-called multipolar
post-Newtonian approach to gravitational radiation. This approach has been extensively
developped over the years (see [35] for a review). It combines a mixed post-Minkowskian
and multipolar expansion for the gravitational field in the exterior of a general source having
compact support [36–39], with a matching to the post-Newtonian expansion of the inner
field in the near zone of a post-Newtonian source [40–44]. The gravitational waveform and
various fluxes like the energy flux (or gravitational “luminosity”) are expanded in a series of
radiative multipole moments, that are then related to appropriate source-rooted multipole
moments, expressed as integrals over the matter and gravitational fields in the source. The
time derivatives of the multipole moments are performed using the equations of motion of
the source, which must thus be known beforehand with the same accuracy as the one aimed
for in the radiation field.
Though the formalism can be applied to any post-Newtonian source, it does require a
model for the source. In the case of compact binaries, the compact objects are described
by point-like particles characterized only by their masses and their spins. The appropriate
model in this context is an effective “pole-dipole” description, based on a stress-energy tensor
made of a monopole or mass term involving delta functions, and a dipole or spin term made
of gradients of delta functions. The pole-dipole description of spinning particles has been
1 Hereafter these works will be referred to as Papers I & II respectively.
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developed by many authors [45–55]. The model is to be suplemented by an ultra-violet (UV)
regularization in order to remove the infinite self-field of the point masses, see e.g. [56, 57].
In Papers I & II and the present paper, we use (and present justifications for that use at
the aimed level of accuracy) the Hadamard “partie finie” regularization [58], together with
the Gel’Fand-Shilov prescription for distributional derivatives [59], equivalent to Schwartz
distributional derivatives [60]. Explicit expressions for the waveform and flux can then be
obtained in terms of the source’s positions and velocities, and these can finally be converted
into gauge-invariant quantities that are directly in use for building the gravitational wave
templates.
The plan of this paper is as follows. The Section II is devoted to the general wave
generation formalism and the Section III to the application to spinning compact binaries. We
give the required formulas in Sec. IIA for the various types of multipole moments (radiative,
canonical and source), and in Sec. II B for the general post-Newtonian solution we employ.
The complete results for the source multipole moments at next-to-next-to-leading spin-orbit
level are presented in Sec. IIIA, while we obtain in Sec. III B the next-to-next-to-leading
energy flux and orbital phase evolution. We also present a numerical estimate of the new
terms in Sec. III B. In Appendix A we give alternative expressions of the source terms to be
inserted into the source multipole moments. In Appendix B we check the agreement with
the so-called boosted Kerr black hole limit, obtained when the mass and spin of one of the
two black holes are set to be exactly zero.
II. GRAVITATIONAL WAVE GENERATION FORMALISM
A. Radiative and source multipole moments
The gravitational waveform, generated by an isolated source described by a stress-energy
tensor with compact support, is the transverse-tracefree (TT) projection of the metric de-
viation, say hTTij ≡ (gij − δij)TT. It is defined in a suitable radiative coordinate system
Xµ = (c T,X), at the leading-order 1/R when the distance R = |X| to the source tends
to infinity, with the retarded time TR ≡ T − R/c being fixed. In radiative coordinates the
retarded time TR asymptotically coincides with a null coordinate. The waveform reads
2
hTTij =
4G
c2R
PTTijkl(N)
+∞∑
ℓ=2
NL−2
cℓℓ!
[
UklL−2(TR)− 2ℓ
c(ℓ+ 1)
Nm εmn(k Vl)nL−2(TR)
]
+O
(
1
R2
)
.
(2.1)
The waveform is parametrized by two sets of symmetric and trace-free (STF) multipole
moments, UL of mass type and VL of current type, which constitute the observables of the
gravitational wave at infinity and are called the radiative moments [61]. They are functions
of the retarded time TR in the radiative coordinate system. Plugging Eq. (2.1) into the
2 We denote by L = i1 · · · iℓ a multi-index composed of ℓ multipolar spatial indices i1, · · · , iℓ ranging
from 1 to 3. Similarly L − 1 = i1 · · · iℓ−1 and kL − 2 = ki1 · · · iℓ−2; NL = Ni1 · · ·Niℓ is the product
of ℓ spatial vectors Ni. In the case of summed-up (dummy) multi-indices L, we do not write the ℓ
summations from 1 to 3 over their indices. The transverse-traceless (TT) projection operator is denoted
PTTijkl = PikPjl− 12PijPkl where Pij = δij−NiNj is the projector orthogonal to the unit directionN = X/R
of the radiative coordinate system Xµ = (c T,X). The quantity εijk is the Levi-Civita antisymmetric
symbol such that ε123 = 1. The symmetric-trace-free (STF) projection is indicated using brackets or a
hat. Thus UL = UˆL = U〈L〉 and VL = VˆL = V〈L〉 for STF moments. We denote time derivatives with a
superscript (n), and we indicate the symmetrization operation with round parentheses.3
standard expression for the gravitational-wave energy flux we get [61]
F =
+∞∑
ℓ=2
G
c2ℓ+1
[
(ℓ+ 1)(ℓ+ 2)
(ℓ− 1)ℓ ℓ!(2ℓ+ 1)!!U
(1)
L U
(1)
L +
4ℓ(ℓ+ 2)
c2(ℓ− 1)(ℓ+ 1)!(2ℓ+ 1)!!V
(1)
L V
(1)
L
]
. (2.2)
The radiative moments UL and VL are then related to some specific source-rooted multi-
pole moments as follows. To implement the non-linearities in the propagation of the gravi-
tational waves from the source to infinity, we express them as some non-linear functionals,
which can in principle be developed at any order, of some “canonical” moments ML and SL.
When developped at the 1.5PN order they display the effect of tails and read [38, 41]
UL(TR) = M
(ℓ)
L +
2GM
c3
∫ TR
−∞
dtM
(ℓ+2)
L (t)
[
ln
(
TR − t
2τ0
)
+ κℓ
]
+O
( 1
c5
)
, (2.3a)
VL(TR) = S
(ℓ)
L +
2GM
c3
∫ TR
−∞
dt S
(ℓ+2)
L (t)
[
ln
(
TR − t
2τ0
)
+ πℓ
]
+O
( 1
c5
)
, (2.3b)
whereM is the mass monopole or Arnowitt-Deser-Misner (ADM) total mass. The quantities
κℓ and πℓ denote some numerical rational fractions and τ0 is an arbitrary constant time scale;
we shall not need any of these here.
Next the canonical moments ML and SL themselves are given as some non-linear func-
tionals of the “source” moments IL and JL, and also of four supplementary “gauge” moments
WL, XL, YL and ZL. In general, the canonical and source moments agree up to the 2.5PN
order, namely
ML = IL +O
(
1
c5
)
, (2.4a)
SL = JL +O
(
1
c5
)
. (2.4b)
Since we address the computation of the spin-orbit 3.5PN contribution to the energy flux
(2.2), we see that we only have to consider a possible spin-orbit 1/c7 term in the mass
quadrupole (since spin contributions add at least a factor 1/c). The relation between Mij
and Iij is given by (see e.g. [62]):
Mij = Iij +
4G
c5
[
W (2)Iij −W (1)I(1)ij
]
+O
(
1
c7
)
. (2.5)
As was already noticed in Ref. [33], the leading order spin contributions to W and Iij both
start at O(c−3), so that (Mij)S = (Iij)S +O(c−8). For our purposes, we can therefore ignore
the distinction between canonical ML, SL and source IL, JL moments.
Finally the source multipole moments are defined for a general post-Newtonian matter
source for any multipolar order ℓ ≥ 2, and up to any post-Newtonian order. They are
explicitly given by [43]3
IL(t) = FP
B=0
∫
d3x (r/r0)
B
∫ 1
−1
dz
{
δℓ xˆLΣ− 4(2ℓ+ 1)
c2(ℓ+ 1)(2ℓ+ 3)
δℓ+1 xˆiLΣ
(1)
i
3 The brackets surrounding indices denote the STF projection; the STF product of ℓ spatial vectors is
written as xˆL ≡ x〈i1 · · ·xiℓ〉 ≡ STF[xL].
4
+
2(2ℓ+ 1)
c4(ℓ+ 1)(ℓ+ 2)(2ℓ+ 5)
δℓ+2 xˆijLΣ
(2)
ij
}
(x, t+ z r/c) , (2.6a)
JL(t) = FP
B=0
εab<iℓ
∫
d3x (r/r0)
B
∫ 1
−1
dz
{
δℓ xˆL−1>a Σb
− 2ℓ+ 1
c2(ℓ+ 2)(2ℓ+ 3)
δℓ+1 xˆL−1>ac Σ
(1)
bc
}
(x, t+ z r/c) , (2.6b)
The finite part operation FP in front represents an infra-red (IR) regularization defined
by analytic continuation in a complex parameter B, and involves the same arbitrary scale
r0 = c τ0 as in Eqs. (2.3), which will be irrelevant for the present work.
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The basic building “blocks” Σ, Σi and Σij entering the latter formulas are evaluated at
the position x and at time t + z r/c in a harmonic coordinate system (t,x) covering the
source (where r = |x|). They are defined by
Σ ≡ τ
00 + τ ii
c2
, Σi ≡ τ
0i
c
, Σij ≡ τ ij , (2.7)
together with τ ii ≡ δijτ ij . Here τµν denotes the post-Newtonian expansion of the total
pseudo stress-energy tensor of the matter and gravitational fields, say
τµν ≡ PN
[
|g|T µν + c
4
16πG
Λµν(h)
]
, (2.8)
where T µν is the stress-energy tensor of the matter source, and Λµν(h) represents the gravita-
tional source term which is given by a complicated non-linear, quadratic at least, functional
of the field variable hµν and its first and second space-time derivatives. The pseudo-tensor
appears in the right-hand-side of the Einstein field equations, when “relaxed” by the condi-
tion of harmonic (or de Donder) coordinates.5 The expressions (2.6) involve an intermediate
integration over the variable z, with associated weighting function
δℓ(z) ≡ (2ℓ+ 1)!!
2ℓ+1ℓ!
(1− z2)ℓ ,
∫ 1
−1
dz δℓ(z) = 1 . (2.9a)
In practice the post-Newtonian expansion of the source moments (2.6) is performed by means
of the formal infinite series∫ 1
−1
dz δℓ(z) Σ(x, t+ z r/c) =
+∞∑
k=0
(2ℓ+ 1)!!
(2k)!!(2ℓ+ 2k + 1)!!
(r
c
)2k
Σ(2k)(x, t) . (2.10)
B. Explicit solution for the post-Newtonian metric
To get explicit results at a given post-Newtonian order we need a solution of the relaxed
Einstein field equations. As in Paper I, we parametrize an explicit solution by means of a
4 This scale enters the relation between the retarded time in radiative coordinates and the one in source-
rooted harmonic coordinates: TR = t− rc − 2GMc3 ln
(
r
r0
)
.
5 The post-Newtonian expansion of the relaxed Einstein field equations takes the form hµν = 16πG
c4
τµν ,
where  ≡ ηρσ∂ρσ is the flat space-time d’Alembertian operator. Here hµν ≡ √−g gµν − ηµν , where gµν
is the inverse and g the determinant of the usual covariant metric gµν ; η
µν is an auxiliary Minkowskian
metric, ηµν = diag(−1, 1, 1, 1). The harmonic-coordinate condition reads ∂νhµν = 0. Note that the
conservation of the pseudo tensor, ∂ντ
µν = 0, is the consequence of the harmonic-coordinate condition.
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set of retarded potentials denoted by V , Vi, Wˆij , Rˆi, Xˆ , Zˆij. Here, contrarily to our previous
work on the equations of motion, we will not need the highest-order potentials Yˆi and Tˆ that
enter respectively g0i at O(c−7) and g00 at O(c−8). All these potentials are “Newtonian” in
the sense that they admit a finite non-zero limit when c→ +∞. They enter the components
of the usual covariant metric as follows:
g00 = −1 + 2
c2
V − 2
c4
V 2 +
8
c6
(
Xˆ + ViVi +
V 3
6
)
+O
(
1
c8
)
, (2.11a)
g0i = − 4
c3
Vi − 8
c5
Rˆi +O
(
1
c7
)
, (2.11b)
gij = δij
[
1 +
2
c2
V +
2
c4
V 2 +
8
c6
(
Xˆ + VkVk +
V 3
6
)]
+
4
c4
Wˆij +
16
c6
(
Zˆij +
1
2
V Wˆij − ViVj
)
+O
(
1
c8
)
. (2.11c)
Equivalently, and more useful for the present work, they enter the “gothic” metric as:
h00 + hii
2
= − 2
c2
V − 4
c4
V 2 − 8
c6
(
Xˆ +
1
2
V Wˆ +
2
3
V 3
)
+O
(
1
c8
)
, (2.12a)
h0i = − 4
c3
Vi − 8
c5
(
Rˆi + V Vi
)
+O
(
1
c7
)
, (2.12b)
hij = − 4
c4
(
Wˆij − 1
2
δijWˆ
)
− 16
c6
(
Zˆij − 1
2
δijZˆ
)
+O
(
1
c8
)
. (2.12c)
Each of these potentials is a retarded solution of a flat space-time wave equation sourced by
matter densities components and appropriate lower order potentials. The matter densities
are defined from the components of the matter stress-energy tensor by
σ ≡ T
00 + T ii
c2
, σi ≡ T
0i
c
, σij ≡ T ij . (2.13)
Denoting with−1R S the usual retarded flat d’Alembertian integral, i.e. the retarded solution
of φ ≡ ηµν∂µνφ = S, the latter potentials are defined by
V = −1R [−4πGσ] , (2.14a)
Vi = 
−1
R [−4πGσi] , (2.14b)
Xˆ = −1R
[
− 4πGV σii + Wˆij∂ijV + 2Vi∂t∂iV + V ∂2t V
+
3
2
(∂tV )
2 − 2∂iVj∂jVi
]
, (2.14c)
Rˆi = 
−1
R
[
−4πG (V σi − Viσ)− 2∂kV ∂iVk − 3
2
∂tV ∂iV
]
, (2.14d)
Wˆij = 
−1
R [−4πG (σij − δijσkk)− ∂iV ∂jV ] , (2.14e)
Zˆij = 
−1
R
[
− 4πGV (σij − δijσkk)− 2∂(iV ∂tVj) + ∂iVk∂jVk + ∂kVi∂kVj
6
−2∂(iVk∂kVj) − δij∂kVm(∂kVm − ∂mVk)− 3
4
δij(∂tV )
2
]
. (2.14f)
With the latter explicit post-Newtonian solution in hands one obtains the basic buiding
blocks (2.7) entering the source multipole moments (2.6) as
Σ =
[
1 +
4V
c2
+
4
c4
(2V 2 + Wˆ ) +
16
c6
(
ViVi +
2
3
V 3 + V Wˆ + Xˆ + Zˆ
)]
σ − 1
πGc2
∂iV ∂iV
+
1
πGc4
{
−1
2
(∂tV )
2 − 2Vi∂t∂iV − V ∂2t V −
7
2
V ∂iV ∂iV − Wˆij∂2ijV − ∂iWˆ∂iV
+2∂iVj∂jVi +
1
2
Wˆ∂iiV
}
+
1
πGc6
{
−∂tV ∂tWˆ − 7
2
(∂tV )
2V + 2∂tVi∂tVi − 4Rˆi∂t∂iV − 12V Vi∂t∂iV
−6V 2∂2t V −
1
2
Wˆ∂2t V − 6Vi∂tV ∂iV + 4V ∂tVi∂iV − 7V 2∂iV ∂iV
−8∂iXˆ∂iV − Wˆij∂iV ∂jV − 2∂tWˆ∂iVi − 4V Wˆij∂ijV − 4Zˆij∂ijV
+8∂iVj∂jRˆi − 3
2
Wˆ∂iV ∂iV − 8Vi∂jVi∂jV − 4V ∂iWˆ∂iV − 4∂iZˆ∂iV
+4∂tWˆij∂jVi + 6V ∂iVj∂jVi + 2V ∂jVi∂jVi + 2V Wˆ∂iiV + 2Zˆ∂iiV
+∂iWˆjk∂iWˆjk − 1
2
∂iWˆ∂iWˆ
}
+O
(
1
c8
)
, (2.15a)
Σi =
[
1 +
4V
c2
+
4
c4
(2V 2 + Wˆ )
]
σi +
1
πGc2
{
∂kV (∂iVk − ∂kVi) + 3
4
∂tV ∂iV
}
+
1
πGc4
{
∂tV ∂tVi − 2Vj∂t∂jVi − V ∂2t Vi − 2∂jV ∂jRˆi + ∂tWˆij∂jV −
3
2
Vi∂jV ∂jV
−2V ∂jVi∂jV − Wˆjk∂jkVi + ∂jWˆik∂kVj + ∂kWˆij∂kVj − ∂kWˆ∂kVi
+2∂jV ∂iRˆj + 3V ∂tV ∂iV + Vj∂jV ∂iV + 2V ∂jV ∂iVj − ∂kVj∂iWˆjk
+
1
2
∂tV ∂iWˆ +
1
2
∂jVj∂iWˆ +
1
2
Wˆ∂jjVi
}
+O
(
1
c6
)
, (2.15b)
Σij =
[
1 +
4V
c2
]
σij +
1
πG
{
−1
8
δij∂kV ∂kV +
1
4
∂iV ∂jV
}
+
1
πGc2
{(
−3
8
(∂tV )
2 − ∂tVk∂kV − 1
2
∂kVl∂lVk +
1
2
∂kVl∂kVl
)
δij − ∂kVi∂kVj
+∂tVj∂iV + ∂kVj∂iVk + ∂tVi∂jV + ∂kVi∂jVk − ∂iVk∂jVk
}
+O
(
1
c4
)
, (2.15c)
where we have used the notation Wˆ = Wˆii and Zˆ = Zˆii. Equivalent expressions for Σ, Σi
and Σij , which we have used for testing our calculations, are provided in Appendix A.
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III. APPLICATION TO SPINNING COMPACT BINARIES
A. The pole-dipole effective formalism
The pole-dipole formalism [45–55] is an effective description of point particles endowed
with intrinsic (classical) angular momenta or spins, and moving in an arbitrary curved
background — in practice the space-time generated by the particles themselves. The spins
can take any orientation and magnitude, and in particular be close to extremal. In the
present work we shall confine the formalism to terms linear in the spins. At that level
the model can be used for describing black holes as well as ordinary compact bodies like
neutrons stars. Indeed, the internal structure of the spinning bodies should appear only at
the quadratic level in the spins, e.g. through the rotationally induced quadrupole moment.
The stress-energy tensor of each of the particles is the sum of two terms, respectively
built with a Dirac delta function and a gradient of a delta function, and integrated over the
world line of the particle, according to:
T µν(x) =
∑
1,2
c2
∫ +∞
−∞
dτ p(µuν)
δ(4)(x− y(τ))√−g(x) − c
∫ +∞
−∞
dτ ∇ρ
[
Sρ(µuν)
δ(4)(x− y(τ))√−g(x)
]
.
(3.1)
Here the sum is over the two particles, τ is the proper time measured along the world
line of each particle given by the particle position yµ(τ); δ(4) denotes the four-dimensional
Dirac delta function; uµ = dyµ/(cdτ) is the four velocity of the particle normalized to
uµu
µ = −1; pµ is its four linear momentum; and Sµν denotes the antisymmetric tensor that
represents the spin of the particle.6 Using a 3+1 space-time split, the particle’s position and
coordinate velocity are denoted yµ = (c t,y(t)) and vµ(t) = (c,v(t)) (where vµ = cuµ/u0,
with u0 = [−gρσvρvσ/c2]−1/2), and we have
T µν(x, t) =
∑
1,2
p(µvν)
δ(3)(x− y(t))√−g(x, t) −
1
c
∇ρ
[
Sρ(µvν)
δ(3)(x− y(t))√−g(x, t)
]
, (3.2)
where δ(3) is the three-dimensional Dirac delta function and the spin tensor Sµν(t) is con-
sidered a function of coordinate time.
Since the spin tensor Sµν has six independent components, one must impose a supplemen-
tary spin condition (SSC) in order to correctly describe the three independent components
of the spin vector. Here we adopt the covariant SSC (Tulczyjew’s condition [49, 50])
Sµνpν = 0 . (3.3)
It can be shown that, with the latter choice for the SSC, the mass defined by m2c2 = −pµpµ
as well as the (four-dimensional) magnitude of the spin defined by S2 = SµνSµν/2, are
conserved along the particle’s trajectory. Furthermore the link between the four velocity uµ
and the four linear momentum pµ is entirely specified. However, at linear order in the spins
the linear momentum is simply proportional to the four velocity,
pµ = mcuµ +O(S2) , (3.4)
6 In our convention the spin tensor and all spin variables have the dimension of an angular momentum times
the speed of light c. This is useful for counting the effects of spins in the post-Newtonian approximation,
as the spins appear to be formally “Newtonian” for maximally spinning particles. All the powers of 1/c
are kept explicitly in our calculations, so that the next-to-next-to-leading spin-orbit terms we are looking
for here will all carry in front a factor 1/c7.
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so that the covariant SSC reduces to Sµνuν = O(S3). Furthermore it can be shown that the
spin precession equation reduces to the parallel transport equation
DSµν
dτ
= O(S2) , (3.5)
where D/dτ is the proper time covariant derivative, while the four dimensional acceleration
of the particle is given by
Duµ
dτ
= − 1
2mc
Rµνρσu
νSρσ +O(S2) . (3.6)
This equation of motion is well known as the Mathisson-Papapetrou equation [45–48].
B. Multipole moments in the center-of-mass frame
We work in all intermediate calculations with the spatial components Sij1 and S
ij
2 of the
two spin tensors (i, j = 1, 2, 3), eliminating the 0i components thanks to the covariant SSC
(3.3), and then express all our results in terms of some spin vectors Si1 and S
i
2. Like in Paper
II we shall adopt a spin vector whose magnitude is constant in the usual three-dimensional
Euclidean sense, namely
δijS
i
1S
j
1 = s
2
1 , δijS
i
2S
j
2 = s
2
2 , s1,2 = const . (3.7)
We refer to Section IIA in Paper II for the precise construction, starting from the spatial
components of the spin tensors, of spin vector variables Si1 and S
i
2 with constant magnitude,
Eq. (3.7). Such spin vectors therefore satisfy ordinary-looking precession equations,
dSi1
dt
= εijk Ωj1 S
k
1 ,
dSi2
dt
= εijk Ωj2 S
k
2 . (3.8)
All the problem of the evolution of the spins Si1 and S
i
2 in a binary system reduces to that
of finding the ordinary precession vectors Ωi1 and Ω
i
2. Those have been obtained for the two
particles up to 3PN order in Section IIB of Paper II (for spin-orbit effects the precession
vectors are independent of the spins). Now that we have defined the two constant magnitude
spins Si1 and S
i
2 it will be convenient to express the results in the center-of-mass frame by
means of the variables [17]
Si ≡ Si1 + Si2 , Σi ≡
m
m2
Si2 −
m
m1
Si1 . (3.9)
Here we denote the two individual masses by m1 and m2, the total mass by m ≡ m1 +m2,
and later we shall use the symmetric mass ratio ν ≡ m1m2/m2 (such that 0 < ν 6 1/4),
and the mass difference δm ≡ m1 −m2.
We compute the spin-orbit terms in the various source multipole moments which will
enter the flux up to 3.5PN order in an arbitrary frame. At this stage, an interesting check
described in Appendix B can be performed. Next, we adopt the frame of the center-of-mass
(CM) defined in Paper II; notably the particle’s trajectories yi1 and y
i
2 in the CM frame are
given in terms of the relative position xi ≡ yi1−yi2 and relative velocity vi ≡ dxi/dt = vi1−vi2
by Eqs. (3.3) in Paper II. Finally the spin parts of the multipole moments are expressed
9
in terms of the conserved-magnitude spins and of the variables (3.9). Our notation is e.g.
(vS) ≡ v · S for the ordinary Euclidean scalar product, e.g. (x × Σ)i ≡ εijkxjΣk for the
ordinary cross product, and e.g. (S, x, v) ≡ S · (x× v) = εijkSixjvk for the mixed product.
For each source multipole moment, we only present the linear-in-spin part, indicated by the
underneath label S. We obtain, extending Ref. [21] to next-to-next-to-leading order and
writing all terms using our conserved spin variables,
I
S
ij =
rν
c3
{
− 8
3
(S× v)<inj> − 8
3
δm
m
(Σ× v)<inj>
−4
3
(n× S)<ivj> − 4
3
δm
m
(n×Σ)<ivj>
}
+
rν
c5
[{
(S× v)<inj>
(
−26
21
+
26
7
ν
)
v2 + (Σ× v)<inj> δm
m
(
−26
21
+
116
21
ν
)
v2
+(n× S)<ivj>
(
− 4
21
+
4
7
ν
)
v2 + (n×Σ)<ivj> δm
m
(
− 4
21
+
12
7
ν
)
v2
+(S× v)<ivj>
(
4
21
− 4
7
ν
)
(nv) + (Σ× v)<ivj> δm
m
(
4
21
− 20
21
ν
)
(nv)
+(n, S, v)v<ivj>
(
−3
7
+
9
7
ν
)
+ (n,Σ, v)v<ivj>
δm
m
(
−3
7
+
40
21
ν
)}
+
Gm
r
{
(n, S, v)n<inj>
(
−38
21
− 4
7
ν
)
+ (n,Σ, v)n<inj>
δm
m
(
−16
7
+
26
21
ν
)
+(n× S)<inj>
(
17
21
+
61
21
ν
)
(nv) + (n×Σ)<inj> δm
m
(
1 +
34
21
ν
)
(nv)
+(nS)(n× v)<inj>
(
−2 + 10
3
ν
)
+ (nΣ)(n× v)<inj> δm
m
(
−2 + 4
3
ν
)
+(S× v)<inj>
(
−11
7
− 125
21
ν
)
+ (Σ× v)<inj> δm
m
(
−1
3
− 16
3
ν
)
+(n× S)<ivj>
(
−22
3
− 10
3
ν
)
+ (n×Σ)<ivj> δm
m
(
−8
3
− 34
21
ν
)}]
+
rν
c7
[{
(S× v)<inj>
(
−58
63
+
404
63
ν − 746
63
ν2
)
v4
+(Σ× v)<inj> δm
m
(
−58
63
+
542
63
ν − 1262
63
ν2
)
v4
+(n× S)<ivj>
(
− 4
63
+
23
63
ν − 32
63
ν2
)
v4
+(n×Σ)<ivj> δm
m
(
− 4
63
+
103
63
ν − 16
3
ν2
)
v4
+(S× v)<ivj>
(
25
126
− 173
126
ν +
317
126
ν2
)
(nv)v2
+(Σ× v)<ivj> δm
m
(
25
126
− 118
63
ν +
575
126
ν2
)
(nv)v2
10
+(n, S, v)v<ivj>
(
−25
63
+
179
63
ν − 341
63
ν2
)
v2
+(n,Σ, v)v<ivj>
δm
m
(
−25
63
+
76
21
ν − 550
63
ν2
)
v2
}
+
Gm
r
{
(n, S, v)n<inj>
[(
−148
63
+
542
63
ν +
625
63
ν2
)
(nv)2 +
(
586
189
− 2354
189
ν − 208
189
ν2
)
v2
]
+(n,Σ, v)n<inj>
[
δm
m
(
−167
126
+
53
14
ν +
949
126
ν2
)
(nv)2 +
δm
m
(
− 19
378
+
27
14
ν − 4231
378
ν2
)
v2
]
+(n× S)<inj>
[(
499
252
− 1451
252
ν − 3487
252
ν2
)
(nv)3 +
(
85
252
+
1369
252
ν − 3643
252
ν2
)
(nv)v2
]
+(n×Σ)<inj>
[
δm
m
(
253
252
− 220
63
ν − 187
28
ν2
)
(nv)3 +
δm
m
(
89
84
+
11
14
ν − 715
84
ν2
)
(nv)v2
]
+(nS)(n× v)<inj>
[(
− 9
14
+
33
14
ν +
89
14
ν2
)
(nv)2 +
(
5
42
+
5
42
ν − 415
42
ν2
)
v2
]
+(nΣ)(n× v)<inj>
[
δm
m
(
− 9
14
+
12
7
ν +
39
14
ν2
)
(nv)2 +
δm
m
(
5
42
+
5
21
ν − 57
14
ν2
)
v2
]
+(Sv)(n× v)<inj>
(
−10
7
+
110
21
ν − 10
7
ν2
)
(nv)
+(Σv)(n× v)<inj> δm
m
(
−10
7
+
80
21
ν − 10
21
ν2
)
(nv)
+(S× v)<inj>
[(
2705
756
− 991
108
ν − 9077
756
ν2
)
(nv)2 +
(
−755
108
+
7507
756
ν +
13655
756
ν2
)
v2
]
+(Σ× v)<inj>
[
δm
m
(
2117
756
− 14
3
ν − 691
756
ν2
)
(nv)2 +
δm
m
(
−4637
756
+
1993
126
ν +
17419
756
ν2
)
v2
]
+(n, S, v)n<ivj>
(
−284
189
+
2203
189
ν − 3784
189
ν2
)
(nv)
+(n,Σ, v)n<ivj>
δm
m
(
−125
189
+
34
9
ν − 410
189
ν2
)
(nv)
+(n× S)<ivj>
[(
− 95
126
− 407
126
ν +
4175
126
ν2
)
(nv)2 +
(
−25
7
+
14
3
ν +
128
21
ν2
)
v2
]
+(n×Σ)<ivj>
[
δm
m
(
− 13
126
+
122
63
ν +
127
6
ν2
)
(nv)2 +
δm
m
(
−121
63
+
482
63
ν +
274
63
ν2
)
v2
]
+(nS)(n× v)<ivj>
(
3
14
− 11
14
ν +
3
14
ν2
)
(nv)
+(nΣ)(n× v)<ivj> δm
m
(
3
14
− 4
7
ν +
1
14
ν2
)
(nv)
+(Sv)(n× v)<ivj>
(
5
7
− 55
21
ν +
5
7
ν2
)
+(Σv)(n× v)<ivj> δm
m
(
5
7
− 40
21
ν +
5
21
ν2
)
11
+(S× v)<ivj>
(
−191
378
− 1511
378
ν +
1133
54
ν2
)
(nv)
+(Σ× v)<ivj> δm
m
(
− 95
378
− 262
63
ν +
415
54
ν2
)
(nv)
+(n, S, v)v<ivj>
(
−326
189
+
55
189
ν +
389
189
ν2
)
+(n,Σ, v)v<ivj>
δm
m
(
−506
189
+
59
9
ν +
319
189
ν2
)}
+
G2m2
r2
{
(n, S, v)n<inj>
(
−2543
252
− 18083
252
ν +
1319
252
ν2
)
+(n,Σ, v)n<inj>
δm
m
(
−563
108
− 2951
84
ν +
805
108
ν2
)
+(n× S)<inj>
(
937
84
+
12497
252
ν +
2039
252
ν2
)
(nv)
+(n×Σ)<inj> δm
m
(
3289
756
+
21145
756
ν +
4289
756
ν2
)
(nv)
+(nS)(n× v)<inj>
(
−1
3
+
4
3
ν +
13
3
ν2
)
+(nΣ)(n× v)<inj> δm
m
(
−1
3
− 5
3
ν +
4
3
ν2
)
+(S× v)<inj>
(
559
252
+
17693
252
ν − 647
84
ν2
)
+(Σ× v)<inj> δm
m
(
4681
756
+
38987
756
ν − 1781
252
ν2
)
+(n× S)<ivj>
(
−311
63
+
56
3
ν +
13
63
ν2
)
+(n×Σ)<ivj> δm
m
(
100
189
+
3211
189
ν +
482
189
ν2
)}]
+ O
(
1
c9
)
, (3.10a)
J
S
ij =
rν
c
{
− 3
2
Σ<inj>
}
+
rν
c3
[{
− 2
7
δm
m
v2S<inj> + Σ<inj>
(
−29
28
+
143
28
ν
)
v2
+
33
28
δm
m
(Sv)n<ivj> + (Σv)n<ivj>
(
33
28
− 155
28
ν
)
+
3
7
δm
m
(nv)S<ivj> + Σ<ivj>
(
3
7
− 16
7
ν
)
(nv)
12
−11
14
δm
m
(nS)v<ivj> + (nΣ)v<ivj>
(
−11
14
+
47
14
ν
)}
+
Gm
r
{
− 29
14
δm
m
(nS)n<inj> + (nΣ)n<inj>
(
−4
7
+
31
14
ν
)
+
10
7
δm
m
S<inj> + Σ<inj>
(
61
28
− 71
28
ν
)}]
+
rν
c5
[{
S<inj>
δm
m
(
− 4
21
+
17
21
ν
)
v4 + Σ<inj>
(
−253
336
+
2435
336
ν − 5633
336
ν2
)
v4
+(Sv)n<ivj>
δm
m
(
269
336
− 283
84
ν
)
v2 + (Σv)n<ivj>
(
269
336
− 2587
336
ν +
6001
336
ν2
)
v2
+S<ivj>
δm
m
(
13
42
− 53
42
ν
)
(nv)v2 + Σ<ivj>
(
13
42
− 125
42
ν +
293
42
ν2
)
(nv)v2
+(nS)v<ivj>
δm
m
(
−41
84
+
181
84
ν
)
v2 + (nΣ)v<ivj>
(
−41
84
+
55
12
ν − 443
42
ν2
)
v2
+(Sv)v<ivj>
δm
m
(
5
84
− 5
42
ν
)
(nv) + (Σv)v<ivj>
(
5
84
− 10
21
ν +
5
6
ν2
)
(nv)
}
+
Gm
r
{
(nS)n<inj>
[
δm
m
(
23
168
+
415
84
ν
)
(nv)2 +
δm
m
(
−617
504
+
809
252
ν
)
v2
]
+(nΣ)n<inj>
[(
− 13
168
+
569
168
ν − 2147
168
ν2
)
(nv)2 +
(
229
504
− 1703
504
ν +
2795
504
ν2
)
v2
]
+(Sv)n<inj>
δm
m
(
331
252
+
2549
504
ν
)
(nv)
+(Σv)n<inj>
(
−101
252
+
449
72
ν − 2789
126
ν2
)
(nv)
+S<inj>
[
δm
m
(
−115
126
− 487
126
ν
)
(nv)2 +
δm
m
(
125
63
− 157
63
ν
)
v2
]
+Σ<inj>
[(
163
144
− 10529
1008
ν +
25247
1008
ν2
)
(nv)2 +
(
−3175
1008
+
18413
1008
ν +
7009
1008
ν2
)
v2
]
+(nS)n<ivj>
δm
m
(
−317
126
− 497
72
ν
)
(nv)
+(nΣ)n<ivj>
(
−173
126
+
2389
504
ν +
1073
126
ν2
)
(nv)
+(Sv)n<ivj>
δm
m
(
5
504
+
1649
504
ν
)
+(Σv)n<ivj>
(
2021
504
− 3347
252
ν − 4127
504
ν2
)
+S<ivj>
δm
m
(
7
9
+
160
63
ν
)
(nv)
+Σ<ivj>
(
131
504
− 4741
504
ν − 5837
504
ν2
)
(nv)
13
+(nS)v<ivj>
δm
m
(
103
126
− 751
252
ν
)
+(nΣ)v<ivj>
(
−275
126
+
1193
252
ν +
691
63
ν2
)}
+
G2m2
r2
{
(nS)n<inj>
δm
m
(
407
126
− 37
126
ν
)
+ (nΣ)n<inj>
(
155
126
− 311
63
ν − 877
252
ν2
)
+S<inj>
δm
m
(
−103
63
− 25
63
ν
)
+ Σ<inj>
(
−275
504
+
3895
504
ν +
1571
504
ν2
)}]
+ O
(
1
c7
)
, (3.10b)
I
S
ijk =
r2ν
c3
{
9
2
δm
m
(S× v)<injnk> + (Σ× v)<injnk>
(
9
2
− 33
2
ν
)
+3
δm
m
(n× S)<injvk> + (n×Σ)<injvk> (3− 9ν)
}
+
r2ν
c5
[{
(S× v)<injnk> δm
m
(
41
20
− 217
20
ν
)
v2 + (Σ× v)<injnk>
(
41
20
− 21ν + 203
4
ν2
)
v2
+(n× S)<injvk> δm
m
(
1
5
− 49
10
ν
)
v2 + (n×Σ)<injvk>
(
1
5
− 11
2
ν + 19ν2
)
v2
+(S× v)<injvk> δm
m
(
−1
2
+ ν
)
(nv) + (Σ× v)<injvk>
(
−1
2
+
9
2
ν − 17
2
ν2
)
(nv)
+(n, S, v)n<ivjvk>
δm
m
(
7
10
− 7
5
ν
)
+ (n,Σ, v)n<ivjvk>
(
7
10
− 11
2
ν +
19
2
ν2
)
+(n× S)<ivjvk> δm
m
(
4
5
− 8
5
ν
)
(nv) + (n×Σ)<ivjvk>
(
4
5
− 4ν + 4ν2
)
(nv)
+(S× v)<ivjvk> δm
m
(
7
10
− 7
5
ν
)
+ (Σ× v)<ivjvk>
(
7
10
− 9
2
ν +
13
2
ν2
)}
+
Gm
r
{
(n, S, v)n<injnk>
δm
m
(
139
60
+
131
30
ν
)
+ (n,Σ, v)n<injnk>
(
53
20
− 41
4
ν +
9
4
ν2
)
+(n× S)<injnk> δm
m
(
−17
15
− 479
60
ν
)
(nv) + (n×Σ)<injnk>
(
−17
15
− 1
12
ν +
52
3
ν2
)
(nv)
+(nS)(n× v)<injnk> δm
m
(
9
4
− 3
2
ν
)
+ (nΣ)(n× v)<injnk>
(
9
4
− 33
4
ν +
9
4
ν2
)
+(S× v)<injnk> δm
m
(
7
6
+
119
12
ν
)
+ (Σ× v)<injnk>
(
1
6
+
119
12
ν − 253
6
ν2
)
+(n× S)<injvk> δm
m
(
269
30
+
257
30
ν
)
+ (n×Σ)<injvk>
(
89
30
− 19
3
ν − 115
6
ν2
)}]
+ O
(
1
c7
)
, (3.10c)
14
J
S
ijk =
r2ν
c
{
2S<injnk> + 2
δm
m
Σ<injnk>
}
+
r2ν
c3
[{
S<injnk>
(
5
3
− 5ν
)
v2 + Σ<injnk>
δm
m
(
5
3
− 25
3
ν
)
v2
+(Sv)n<injvk>
(
−5
3
+ 5ν
)
+ (Σv)n<injvk>
δm
m
(
−5
3
+
19
3
ν
)
+S<injvk>
(
−4
3
+ 4ν
)
(nv) + Σ<injvk>
δm
m
(
−4
3
+
14
3
ν
)
(nv)
+(nS)n<ivjvk>
(
4
3
− 4ν
)
+ (nΣ)n<ivjvk>
δm
m
(
4
3
− 14
3
ν
)
+S<ivjvk>
(
2
3
− 2ν
)
+ Σ<ivjvk>
δm
m
(
2
3
− 4
3
ν
)}
+
Gm
r
{
(nS)n<injnk>
(
16
9
− 16
3
ν
)
+ (nΣ)n<injnk>
δm
m
(
4
9
− 11
9
ν
)
+S<injnk>
(
−10
3
+ 6ν
)
+ Σ<injnk>
δm
m
(
−10
3
+
11
3
ν
)}]
+ O
(
1
c5
)
, (3.10d)
I
S
ijkl =
r3ν
c3
{
(S× v)<injnknl>
(
−32
5
+
96
5
ν
)
+ (Σ× v)<injnknl> δm
m
(
−32
5
+
84
5
ν
)
+ (n× S)<injnkvl>
(
−24
5
+
72
5
ν
)
+ (n×Σ)<injnkvl> δm
m
(
−24
5
+
48
5
ν
)}
+O
(
1
c5
)
, (3.10e)
J
S
ijkl =
r3ν
c
{
− 5
2
δm
m
S<injnknl> + Σ<injnknl>
(
−5
2
+
15
2
ν
)}
+O
(
1
c3
)
. (3.10f)
We were able to perform a few technical tests on this calculation of the source multipole
moments. We verified that the so-called “surface terms” can be computed either by a “bulk”
integral over the entire three-dimensional space like other non-compact support terms, or by
a surface integral extending on a sphere at spatial infinity. For such a test we have to use the
alternative form of the blocks Σ, Σi and Σij given in Eqs. (A1); we refer to Section IVD of
Ref. [63] for a discussion of this type of terms. In addition we verified that certain quadratic
non-compact support terms can be alternatively evaluated using some particular analytic
kernels (denoted YL, SL and TL in Ref. [64]). Another, more physical, test of the expressions
of the multipole moments we obtain before going to the CM frame, is the agreement with
the so-called “boosted Kerr black hole limit” as investigated in the Appendix B.
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C. Flux and orbital phasing for circular orbits
For the spin-orbit effects at the post-Newtonian level considered in the present paper we
can neglect all the corrections O(1/c5) in the relations between the canonical and source
multipole moments, see Eqs. (2.4) and (2.5). Furthermore the relations between the radiative
and canonical moments, Eqs. (2.3), imply a spin-orbit contribution due to gravitational wave
tails and arising at the 3PN order; we ignore this contribution here since it has already been
computed in Ref. [33], and since the next-to-leading tail contribution would enter the result
at 4PN order only. Finally, for our present purpose, we can replace all the radiative moments
UL and VL by the corresponding source moments IL and JL up to the 3.5PN spin-orbit level.
We can therefore use for the flux (2.2) at that order the expression
F =G
c5
{
1
5
I
(3)
ij I
(3)
ij +
1
c2
[
1
189
I
(4)
ijkI
(4)
ijk +
16
45
J
(3)
ij J
(3)
ij
]
+
1
c4
[
1
9072
I
(5)
ijklI
(5)
ijkl +
1
84
J
(4)
ijkJ
(4)
ijk
]
+
1
c6
[
4
14175
J
(5)
ijklJ
(5)
ijkl
]
+ (tails) +O
(
1
c8
)}
.
(3.11)
The other terms do not contribute to the spin-orbit effect at the 3.5PN order. We insert
the explicit results (3.10) for the source multipole moments into Eq. (3.11), we compute the
time derivatives using systematically the equations of motion derived in Papers I & II, and
we specialize the result to the case of quasi-circular orbits, again using the material from
Papers I & II.
It is useful to introduce an orthonormal moving triad {n,λ, ℓ} defined by n = x/r,
ℓ = LN/|LN| where LN ≡ mν x × v denotes the Newtonian orbital angular momentum,
and λ = ℓ × n. Then the spin-orbit contributions in the flux will depend only on the
projections of the spins perpendicular to the orbital plane, namely Sℓ ≡ ℓ ·S and Σℓ ≡ ℓ ·Σ,
where we recall that S and Σ are defined by Eqs. (3.9). Furthermore we denote the relevant
post-Newtonian parameter for circular orbits by
x =
(
Gmω
c3
)2/3
, (3.12)
where ω is the orbital frequency, related to the orbital separation r by Eq. (4.2) in Paper II.
We are then left with the main result of the present work, namely the spin-orbit contribution
to the flux up to order 3.5PN, as follows:
F
S
=
32c5
5G
x5 ν2
(
x3/2
Gm2
){
−4Sℓ − 5
4
δm
m
Σℓ
+x
[(
−9
2
+
272
9
ν
)
Sℓ +
(
−13
16
+
43
4
ν
)
δm
m
Σℓ
]
+x3/2
[
−16π Sℓ − 31π
6
δm
m
Σℓ
]
+ x2
[(
476645
6804
+
6172
189
ν − 2810
27
ν2
)
Sℓ +
(
9535
336
+
1849
126
ν − 1501
36
ν2
)
δm
m
Σℓ
]
+O
(
1
c5
)}
. (3.13)
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We refer to Eq. (231) in [35] for the non-spin part of the energy flux up to the 3.5PN order.
The tail-induced spin-orbit effect at 3PN order computed in Ref. [33] has also been added,
but we recall that we neglect spin-spin interactions. We have checked that this result is
in complete agreement in the test-mass limit where ν → 0 with the result of black-hole
perturbation theory on a Kerr background obtained in Ref. [65].
To obtain the evolution of the orbital phase for quasi-circular orbits we shall apply the
energy conservation balance equation relating the flux F to the energy E that is associated
with the conservative part of the equations of motion:
dE
dt
= −F . (3.14)
Note that the balance equation (3.14) is valid in average over a long radiation-reaction time
scale ω/ω˙ ∼ x−5/2 = O(c5); thus short periodic variations at the orbital frequency ω and at
the spin precession frequencies ωprec ∼ xω have been averaged out. In order to apply the
balance equation (3.14) we must ensure that the spins, or rather their projections S1ℓ and
S2ℓ (or equivalently Sℓ and Σℓ), are secularly constant over the radiation-reaction time scale
ω/ω˙.
This will be the case of the spin variables with conserved magnitude, as can be shown
either explicitly at a given post-Newtonian order [66], or by the following structural argument
valid at linear order in spins, extending the presentation of Ref. [33]. In the center-of-mass
frame, the only vectors at our disposal, except for the spins, are n and v. Recalling that
the spin vectors are pseudovectors regarding parity transformation, we see that the only
way spin-orbit contributions can enter scalars such as the energy E or the flux F is through
mixed products (n, v, S1) and (n, v, S2), i.e. through the components S1ℓ and S2ℓ. Now,
the same argument applies for the precession vectors Ω1,2 introduced in Eqs. (3.8): they
must be pseudovectors, and, at linear order in spin, they must only depend on n and v,
so that we must have Ω1 ∝ ℓ and Ω2 ∝ ℓ; this is explicitly seen for instance in Eq. (4.5)
of Paper II. Now, the time derivative of the components along ℓ of the spins are given
by dS1ℓ/dt = S1 · [dℓ/dt + ℓ × Ω1] and idem for 2. The second term is zero, and since
dℓ/dt = O(S), we obtain that S1ℓ and S2ℓ are constants at linear order in the spins. This
argument is valid at any post-Newtonian order and for general orbits, but is limited to
spin-orbit terms.
The conservative energy E has been obtained in Paper I and was reduced to circular
orbits in Eq. (4.6) of Paper II. We recall here its expression:
E
S
= −mνc
2x
2
(
x3/2
Gm2
){
14
3
Sℓ + 2
δm
m
Σℓ
+x
[(
11− 61
9
ν
)
Sℓ +
(
3− 10
3
ν
)
δm
m
Σℓ
]
+x2
[(
135
4
− 367
4
ν +
29
12
ν2
)
Sℓ +
(
27
4
− 39ν + 5
4
ν2
)
δm
m
Σℓ
]
+O
(
1
c5
)}
. (3.15)
See for instance Eq. (4.6) in Paper II for the complete expression of E including non-spin
terms. Applying now the balance equation (3.14), in which we can assume by the previous
argument that the spin projections Sℓ and Σℓ are constant, one obtains the secular decrease
of the orbital frequency as(
ω˙
ω2
)
S
=
96
5
ν x5/2
(
x3/2
Gm2
){
−47
3
Sℓ − 25
4
δm
m
Σℓ
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+ x
[(
−5861
144
+
1001
12
ν
)
Sℓ +
(
−809
84
+
281
8
ν
)
δm
m
Σℓ
]
+x3/2
[
−188π
3
Sℓ − 151π
6
δm
m
Σℓ
]
+ x2
[(
−4323559
18144
+
436705
672
ν − 5575
27
ν2
)
Sℓ
+
(
−1195759
18144
+
257023
1008
ν − 2903
32
ν2
)
δm
m
Σℓ
]
+O
(
1
c5
)}
. (3.16)
Finally by a further integration we obtain the secular evolution of the orbital phase, or more
precisely the so-called “carrier” phase defined by φ ≡ ∫ ω dt, as
φ
S
= −x
−5/2
32ν
(
x3/2
Gm2
){
235
6
Sℓ +
125
8
δm
m
Σℓ
+x ln x
[(
−554345
2016
− 55
8
ν
)
Sℓ +
(
−41745
448
+
15
8
ν
)
δm
m
Σℓ
]
+x3/2
[
940π
3
Sℓ +
745π
6
δm
m
Σℓ
]
+ x2
[(
−8980424995
6096384
+
6586595
6048
ν − 305
288
ν2
)
Sℓ
+
(
−170978035
387072
+
2876425
5376
ν +
4735
1152
ν2
)
δm
m
Σℓ
]
+O
(
1
c5
)}
. (3.17)
In the case of precessional binaries, for which the spins are not aligned or anti-aligned with
the orbital angular momentum, the total phase Φ is the sum of the latter carrier phase and
the precessional correction arising from the precession of the orbital plane, Φ = φ + φprec.
The precessional correction φprec can be computed numerically [13] or analytically (see for
instance Ref. [33] for a computation at the 1PN order).
TABLE I. Spin-orbit contributions to the number of gravitational-wave cycles NGW = (φmax −
φmin)/π accumulated from ωmin = π×10Hz to ωmax = ωISCO = c3/(63/2Gm) for binaries detectable
by ground-based detectors LIGO and VIRGO. For each compact object we define the magnitude
χa and the orientation κa of the spin by Sa ≡ Gm2a χa Sˆa and κa ≡ Sˆa · ℓ. For comparison, we
give all the non-spin contributions up to 3.5PN order; however we neglect all the spin-spin terms.
Notice that these figures are only indicative, and that the relative importance of the different terms
changes only slightly when choosing another maximal frequency.
1.4M⊙ + 1.4M⊙ 10M⊙ + 1.4M⊙ 10M⊙ + 10M⊙
Newtonian 15952.6 3558.9 598.8
1PN 439.5 212.4 59.1
1.5PN −210.3 + 65.6κ1χ1 + 65.6κ2χ2 −180.9 + 114.0κ1χ1 + 11.7κ2χ2 −51.2 + 16.0κ1χ1 + 16.0κ2χ2
2PN 9.9 9.8 4.0
2.5PN −11.7 + 9.3κ1χ1 + 9.3κ2χ2 −20.0 + 33.8κ1χ1 + 2.9κ2χ2 −7.1 + 5.7κ1χ1 + 5.7κ2χ2
3PN 2.6− 3.2κ1χ1 − 3.2κ2χ2 2.3− 13.2κ1χ1 − 1.3κ2χ2 2.2− 2.6κ1χ1 − 2.6κ2χ2
3.5PN −0.9 + 1.9κ1χ1 + 1.9κ2χ2 −1.8 + 11.1κ1χ1 + 0.8κ2χ2 −0.8 + 1.7κ1χ1 + 1.7κ2χ2
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As a useful diagnosis to assess the importance of the latter spin effects, we have computed
the number of accumulated gravitational-wave cycles between some minimal and maximal
frequencies, corresponding to the bandwidth of ground-based detectors.7 The results are
given in Table I. They show that the 3.5PN spin-orbit terms computed in the present paper
can be numerically larger, for spins close to maximal and for suitable orientations, than
the non-spin 3PN or 3.5PN contributions. We thus conclude that they are still relevant
to be included in the gravitational wave templates of LIGO/VIRGO/LISA detectors for an
accurate extraction of the binary parameters.
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Appendix A: Alternative expressions for Σ, Σi, Σij
In this Appendix we provide alternative expressions for the building blocks Σ, Σi, Σij ,
defined by Eq. (2.7), which are useful for our practical computations. They are obtained
by rewriting some products of derivatives so as to make Laplacians appear, for instance
using 2∂iA∂iB = ∆(AB) − A∆B − B∆A, and then using (2.14) to replace the Laplacians
of elementary potentials by source terms. In this process, new compact-supported terms
appear, proportional to σ, σi, σij . We find
Σ = σ +
4
c4
σiiV +
1
c6
(
4Wˆijσij + 8σiiV
2 + 16ViViσ
)
− 1
2
1
πGc2
∆
[
V 2
]
+
1
πGc4
(
−2
3
∆
[
V 3
]− 1
2
∆
[
V Wˆii
]
− Wˆij∂j∂iV + 2∂iVj∂jVi − 1
2
(∂tV )
2 − 2Vi∂t∂iV
)
+
1
πGc6
(
−2
3
∆
[
V 4
]−∆ [V 2Wˆii]+ 1
2
∆
[
WˆijWˆij
]
− 1
4
∆
[
WˆiiWˆjj
]
− 4∆
[
V Xˆ
]
−2∆
[
V Zˆii
]
− 4Zˆij∂j∂iV + 8∂iVj∂jRˆi − 8Vi∂jVi∂jV + 2∂tVi∂tVi
+4∂jVi∂tWˆij − 2∂iVi∂tWˆjj − 4Rˆi∂t∂iV − 2 (∂tV )2 V − 4Vi∂t∂iV V
+
1
2
∂2t WˆiiV − 6Vi∂iV ∂tV − ∂tWˆii∂tV +
1
2
Wˆii∂
2
t V
)
+O
(
1
c8
)
, (A1a)
Σi = σi +
1
c2
(−2Viσ + 2V σi) + 1
c4
(
−4Rˆiσ + 2Wˆijσj + 2V 2σi + 2Viσjj + 2Vjσij
)
+
1
πGc2
(
−1
2
∆ [V Vi] + ∂jV ∂iVj +
3
4
∂iV ∂tV
)
+
1
πGc4
(
−∆
[
RˆiV
]
− 1
2
∆
[
V 2Vi
]
−1
2
∆
[
ViWˆjj
]
+
1
2
∆
[
VjWˆij
]
− Vi∂jV ∂jV − Wˆjk∂k∂jVi + ∂jWˆik∂kVj
7 Note however that the number of cycles of the carrier phase φ does not reflect the precession of the orbital
plane, which has to be taken into account through Φ = φ+ φprec.
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+2∂jV ∂iRˆj +
3
2
Vj∂jV ∂iV − ∂kVj∂iWˆjk + 3
2
V ∂iV ∂tV + ∂tV ∂tVi
+∂jV ∂tWˆij − 2Vj∂t∂jVi + 1
2
Vi∂
2
t V −
1
2
V ∂2t Vi
)
+O
(
1
c6
)
, (A1b)
Σij = σij − 1
2
δijV σ +
1
c2
(
2δijVkσk − 4V(iσj) + 4V σij
)
+
1
πG
(
− 1
16
∆
[
V 2
]
δij +
1
4
∂iV ∂jV
)
+
1
πGc2
(
−1
2
∆ [ViVj] +
1
4
∆ [VkVk] δ
ij − 3
8
δij (∂tV )
2 − 1
2
δij∂kVl∂lVk + 2∂kV(i∂j)Vk
−∂iVk∂jVk − δij∂kV ∂tVk + 2∂(iV ∂tVj) + 1
8
δijV ∂2t V
)
+O
(
1
c4
)
. (A1c)
Such a rewriting allows an independent (and also faster and easier) calculation for all the
“Laplacian” terms appearing in the multipole moments, for which the integrals regularized
by means of the Finite Part operation take a simple form in terms of an angular average at
infinity (see the discussion in Section IVD of Ref. [63]).
Appendix B: The boosted black hole limit
In contrast to the case of the equations of motion for which we can perform several
crucial verifications (see Paper I), there are not so many tests one can do in the case of the
gravitational waveform and flux. In addition to the test-mass limit ν → 0 of the flux (3.13)
which as we have seen perfectly recovers the result from Kerr black hole perturbations [65],
we can perform another physical test directly at the level of the multipole moments, before
the reduction to the center-of-mass frame: the so-called boosted black hole (BBH) limit [68].
The BBH is obtained in the limiting case when we suppress one of the two black holes
(say 2) by setting its mass m2 and spin S
ij
2 to be exactly zero into the general expressions
of the multipole moments valid in an arbitrary frame, before going to the CM frame. What
remains are then the multipole moments of a single Kerr black hole having mass m1 and
spin Sij1 , and moving with constant velocity v
i
1. In the BBH limit the multipole moments
should agree with those of a single Kerr black hole moving with constant velocity, i.e. a
black hole space-time on which a special Lorentz transformation or boost has been applied.
The BBH test is interesting because it verifies (although only partially) the global Lorentz
invariance of the multipole moments and the radiation field [68].
We start with the Kerr metric in harmonic coordinates. Since we are interested in spin-
orbit effects we can work at linear order in the spin of the black hole. The “gothic” metric
deviation Hµν of the black hole in the rest frame associated with some harmonic coordinate
system Xµ = (cT,X) (thus satisfying ∂νH
µν = 0) reads
H00 = 1−
(
1 + GM
c2R
)3
1− GM
c2R
, (B1a)
H0i = − 2G
c4R2
εijkS˜jNk
1− GM
c2R
+O(S˜2) , (B1b)
H ij = −G
2M2
c4R2
N iN j +
2G2M
c6R3
N (iεj)klS˜kNl +O(S˜2) , (B1c)
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where M is the mass of the black hole and S˜i is the spin vector of the black hole in the rest
frame. For convenience in this Appendix we define the spin vector directly from the spin
tensor as S˜i ≡ 12εijkSjk. In the rest frame of the black hole we denote the spin tensor by Sij
and the spin vector appearing in Eqs. (B1) is defined by S˜i ≡ 12εijkSjk. We also denote the
radial distance and unit direction in the rest frame by R ≡ |X| and N i ≡ X i/R.
Following Ref. [68] we apply a global boost Λµν(V) with constant velocity V = (V
i). In
our conventions we pose
Λ00(V) = γ , (B2a)
Λi0(V) = Λ
0
i(V) = γ
V i
c
, (B2b)
Λij(V) = δ
i
j +
γ2
γ + 1
V iVj
c2
, (B2c)
with γ ≡
(
1− V 2
c2
)−1/2
. In the global frame defined by xµ = ΛµνX
ν the Kerr black hole
metric will then be given by
hµν(x) = Λµ ρΛ
ν
σH
ρσ(Λ−1x) , (B3)
where (Λ−1)µν = Λ
µ
ν denotes the inverse Lorentz transformation. The radial distance r and
unit direction ni in the global frame xµ = (ct,x) are related to the rest-frame counterparts
R and N i by
R = r
[
1 + c2(γ2 − 1)
(
t
r
)2
− 2γ2(V n)
(
t
r
)
+ γ2
(V n)2
c2
]1/2
, (B4a)
N i =
r
R
[
ni − γV i
(
t
r
)
+
γ2
γ + 1
V i
c2
(V n)
]
. (B4b)
See [68]; we denote the usual Euclidean scalar product by (V n) ≡ V ini. In addition the spin
must also be transformed and we find that the spin vector S˜i in the rest frame is related to
the spin vector S˜i in the global frame by
S˜i = S˜i − γ
γ + 1
(S˜V )
c2
Vi . (B5)
Notice that the spin vector S˜i we are using here should rather be viewed as a covector,
since it agrees with the spatial components of the covariant vector S˜µ satisfying u
µS˜µ = 0,
i.e. such that S˜0 = 0 in the rest frame of the black hole. If one were to use instead the
spin vector Si with conserved magnitude (as we did in all of this paper), one should have to
apply a correction which is given at the 2PN order and for the BBH case by
S˜i = Si +
(SV )
c2
(
1
2
+
3
8
V 2
c2
)
Vi . (B6)
We now compute all the required multipole moments of the BBH by inserting the boosted
Kerr metric (B1)–(B3) into the general definitions of the source multipole moments. However
this calculation is not straightforward starting from the defining expressions (2.6) of the
source multipole moments. Instead it was found in Ref. [68] that the best is to use some
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different expressions of the multipole moments, entirely given by surface integrals at spatial
infinity; they have been derived in Eqs. (2.19) of [68], see also (2.29) for the practical
implementation. In the present paper we have used the same expressions of the multipole
moments and inserted there the BBH solution (B1)–(B3). Expanding the results at the
required post-Newtonian order, and keeping only the spin parts of the multipole moments,
we obtain:
I
S
ij =
t
c3
(S˜×V)<iVj>
[
−4
3
− 6
7
V 2
c2
− 83
126
V 4
c4
]
+O
(
1
c9
)
, (B7a)
J
S
ij =
t
c
S˜<iVj>
[
3
2
+
17
28
V 2
c2
+
149
336
V 4
c4
]
+
t
c3
V<iVj>(S˜V )
[
−8
7
− 2
3
V 2
c2
]
+O
(
1
c7
)
, (B7b)
I
S
ijk =
t2
c3
(S˜×V)<iVjVk>
[
−3
2
− 5
4
V 2
c2
]
+O
(
1
c7
)
, (B7c)
J
S
ijk =
t2
c
S˜<iVjVk>
[
2 +
V 2
c2
]
− 4
3
t2
c3
V<iVjVk>(S˜V ) +O
(
1
c5
)
, (B7d)
I
S
ijkl = −8
5
t3
c3
(S˜×V)<iVjVkVl> +O
(
1
c5
)
, (B7e)
J
S
ijkl =
5
2
t3
c
S˜<iVjVkVl> +O
(
1
c3
)
. (B7f)
These results are in perfect agreement with those obtained directly from our general com-
putation of the multipole moments of black hole binaries, by setting m2 = 0 and S˜2i = 0,
and making the identifications m1 ≡M , S˜1i ≡ S˜i, yi1 ≡ V i t and vi1 ≡ V i.
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